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Abstract

This paperdepictsthe applicationof linear quadraticoptimal control to the longitudinal flight motion of an
unmannedaerial vehicle (UAV) which has elevoncontrol only. For a trimmed flight model obtained
experimentallyin previousstudy we developin order a Linear Quadratic Regulators(LQR) controller
followedby a Kalman filter basedestimatorfor unmeasurablestates. The LQR controller is then combined
with the Kalmanestimatorusingthe separationprinciple to investigatethe feasibility of altitude control. The
simulation results showimprovementomparedwith classical designcounterpartsin the sensethat the
combinedapproachoffers more designflexibility and is able to tolerate the noisy environmentslt shows
reasonablealtitude holding, taking off and landing performance.The schemedevelopedthrough this
researchwill beincorporatedin our existingautopilots.
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Introduction

There has been axtremelyrapid growth in interestin
unmannedvehiclesover the last severalyears. The
advantagego be had from autonomousvehiclesin a
military environmentrenow well recognisedvith civil
applicationsbeingin theirinfancy.

A generalrequirementfor UAVs in particularis that
they be inexpensiveto operate.This cost can for civil
applicationsbe dominatedby operatorcost. Operators
are generally not experts in aerodynangos so require
aircraft with robustand, where possible,automatically
tunedcontrol systems.

The UAVs of interestto us aresmall and fly at low

ReynoldsNumbers(250K) regimeswhich, amongst
other challenges,mean turbulent flow and laminar
separatioracrosswing surfaces. Partially becauseof

this, the aircraft dynamicsare non-linearand at times
uncertain.Aircraft of this sizearealsovery susceptible
to air turbulence.

This paperdiscussesa preliminary study of applying
linear optimal control of altitude from pitch for an
aircraftthathaselevoncontrol surfacesonly. Our early
identificationwork for the aircraftis publishedin [1]
with extensionsto this work in [2]. Relevantcontrol
theorymay be foundin [4], [5], [6], [7] and [8]. We
haveat our disposala very large repositoryof flight
logs for our aircraft obtainedover severalyears. The
logs contain a completerecord of aircraft in-flight
dynamics.t is intendedto makethis materialavailable
to other researchers for their control system studies.

Generatinga comprehensivaon-linearmodel for the
aircraftis usuallyimpractical.A more realistic approach
is to developa linearisedmodel which is valid for a
small dynamicrange.Longitudinal and lateral models
for conventionallarger aircraft are well understood
([10][11][12][13])).

In this study,we considertime domainoptimal control
approachesising a LQR and Kalman filter estimator
[9]. The combinationof the two will leadto a Linear
QuadraticGaussian(LQG) controller that is more
tolerantof uncertaintyandnoisein a real UAV flight
environment.The designapproachalso offers several
advantagesomparedwith the classicalPID controller.
Positionsof closedloop polesandoverall performance
can be adjustedby varying the values of weighting
matricesaccordingly.While control tool-boxesof the
type found in MatLab make the composition process
simple the offline algorithmsare significantly more
computationallyintensivethanthe currentsimple PID
based controloops computedonline or in-flight where
we have electrical and computational power limitation

S:

UAY Longitudinal Model

Most conventionalaircraft havethree primary control
surfacespamely, rudder, elevatorand ailerons. Along

with thethrottle they arethe four major input variables
to controlthe flight of an aircraft. The aircraft usedin

this study (Fig. 1 and Tablel.) is a flying wing andif

unsweptit is known as a OplankCbecauseof its

resemblance of courde a plank of wood. Most flying

wings haveonly two control surfacesor elevonsthat
combinethe function of aileronsfor roll control (and
indirectly turn) andelevatordor pitch control.

Planksare simpleto constructandcan be madeto be
very compact,ruggedand crashtolerant. The flight

characteristic®f planksarebenign,at leastfor human
operators and they also exhibit predictable stall

behaviourallowing themto descendjuickly and safely.
All of these characteristics wemmportantin the design
of P15035, its sister aircraft P16025 and the
superficially similar DragonEye now widely deployed
with the US Marines.

Flying wings, becausehey do not havea tail, rely on
somereversecamber(upsweepin the trailing edge of
thewing) to maintaina zero pitching momentand with
that comes drag and less energy efficiencymioimise
the reversecamberwe haveto minimise the stability
margin in the pitch axis. In this study, the stability
marginhasbeenmadesufficiently high to allow human
control. The controller described hexdl permit us to
use airfoils with lesscamberand less drag both for
computerassistecandautonomouslight.

Fig. 1 The P15035Aircraft.
(reproducedvith the permissiorof J. Bird
a memberof the AeroboticsGroup)

Pitchis controlled by the averagedeflectionof the two
elevonsandroll (andindirectly yaw) by the difference,
at leastto a first order approximation. It is worth
noting that for planksroll is normally controlled by
deflectingthe elevonsequallyin an attemptto control
yaw and to again minimise unnecessaryrag. It is
feasibleto control the elevonsindependentlyin a more
optimum fashionratherthan havethem coupledin a
relatively simple relationship.This will be developed



further in later research,but for now, we will
concentrateon pitch-axiscontrolwherethe elevonsare
drivenin unison.

TABLE |
SPECIFICATIONS OFAIRCRAFT P15035
Span 150cm Motor Electric
Chord 35cm Duration 40-60 minutes
Length 106cm Speed 33to 150 Kph
Controls Elevon Battery 28! GP3300NiMh
Weight 2.910 4.6 Kg Autopilot  MP2028

Thelongitudinalmodelandlateraldirectionalmodel for
the P15035have beenobtainedusing normal system
identificationtechniqueq11], [12] and [13] basedon
real flights, as distinct from simulation, and were
initially reportedin [1].

For trimmed flight with a constantenginethrust (and
airspeed)the P150350songitudinal discrete time
transferfunction from the elevonaveragedeflection!
(degree)to the pitch angle " (j) with a sampling
frequency of 5 Hz is

# ! 0.1306522 (2 +0.0091) L

" (2! 0.9115)(z! 0.9785)(z* +0.2267z +0.3763)
Convertedo sdomain,it becomes:

6(S)  —0.2954(5+6.693)(S’ +11.75+91.49)
5(S)  (S+0.4633)(S+0.1087)(s> + 4.8875+83.12)

It is apparenthat as all polesof (2) arelocatedon the
left handsideof the s planeso the openloop systemis
stable as we expect.

2

It hasbeenestablishede.qg.,see[3], [4], [5] and [15])
that the typical longitudinal dynamicsof a traditional
aircraft (elevatoto pitch) with a constantenginethrust
can be expressed as

$(s) _ ks 6+1/7g Js+1/T;))

#(s) (s+2" 0 s+l 2)(s7+2" 1 s+ 7)
where#is now the elevatorangle (insteadof the elevon
average in (2)). For aircraft, the factor
#s, =g? +2" 1 s+! ; in the characteristiequationof

(3) is termedthe phugoid mode, and the secondone
#s,=s’+2"/ s+!?2 is the short period mode.

Typically, the phugoid mode is overdampedwith a
relativelylargetime constantaindthe short period mode
representainder-dampeascillation. The overall pitch
stepresponsds a combinationof a slow exponential
function and a quickly decaying high frequency
oscillation.

3

Comparing (2) with (3), it can be seenthat the
longitudinal model (2) haspitch characteristicsvhich
aresimilar to thoseof conventionalaircraft. Its phugoid
modelis

I's, =(s+0.4633(s+0.1087) -
(GO _ _ _
This is overdampedwith a dominant large time
constanbf T=10s.Its shortperiodmodelis givenby:

As, = s* +4.887s+83.12.
(5)
Here the dampingratio is 0.268 and the natural
frequency9.12rad/s.The settlingtime is small being
in the orderof 1s. Theimpulseresponsdor both modes
is plottedin Fig. 2.
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Fig. 2 Impulsepitch amplituderesponses degreegor phugoidand
shortperiodmodesof UAV P15035.

Optimal Flight Controller Design
Having confirmedthat the longitudinal responsds of
the general form expectedie now determinethe pitch-
to-altitude transfer function in z domain with a
sampling frequency of 5 Hz as

h(z)  0.05456z

- (6)
0(z) z-0.9969

Converting(6) to s domainand cascadingit with (2),
we obtain the following transfer function

h _ 100116595’ +11.885+4246)(s” +9.7235+99.83)
" (s+0.4633(s+0.1087(s+0.0155)(s* + 4.887s+83.12)

@)

whereh is the altitudeof theaircraftin metres.

State Equations

Converting(7) into its statespacecounterpartsyve have
the following state space description

%= Ax+Bu
y =Cx+Du '
(8)

in which,



& 5.4740" 86.0500 ' 49.120 " 4.9270 " 0.0650#
3 0 0 0 0
4=3% 0 1 0 0 0 !
$ !
g 0 0 1 0 0
$ 0 0 0 1 0

B=[i 0 0 0 of

C=[! 0.0117 ! 0.2519! 3.0060! 18.640! 49.420(]

D =[0].
ForanLQR controller, the systemto be controlledhas
to beboth controllableandobservabldor all statesasis
the case for (8).

LQR Controller

Under the assumptionthat all state variables are
available for feedback, in wh&dllows, we considerthe
LQR design.For a givenquadraticcostfunction
J=1(x"Ox +u" Ru)dt » (9)
0
in which Q, R $ 0 arereal stateand input weighting
matricesrespectively The objectiveis to determinean
optimal state feedback control law
u="kx, (10)
which can drive all state variablesrapidly to their
equilibrium point. By consideringhe following Ricatti
Equation

A"P+PA! PBR''B"P+Q=0. (11)
we can determinethe solution for P and the optimal
gaink is now

k=R'"'B"P. (12)

The closedloop poles are moved to provide ideal
performance.

Performance Test

Fig. 3 shows the unit step responsedor different
weighting matricesQ andR. The overshootis not
significant as the overall closedloop systemis still
dominatedby phugoidpoleswhich are locatedon the
real axis.

Fig. 4 displayshow incrementingQ affectsthe location
of the closedloop poleswhilst R is kept constant.As
the valuesof Q increaseform 10l to 100l with a step
size of 10, the locationsof 2 conjugateclosed loop
polesgraduallyshift to the left andthe position of the

other 3 dominate poles remain relatively unchanged.

The dampingfactorsof 2 poleson the far left increase

graduallyfrom 0.32t0 0.611asQ is increasedrom 10|
to 100l. At the sametime the dampingfactors of 2
polesnearthe imaginary axis decreaseslightly from
0.687to 0.632.Meanwhile, the dampingfactor of fifth
poleontherealaxis remainsunchangedand determines
thelargetime constanif the exponentialcomponentof
the response.Generally speaking,there are slight
increasedor the undampednatural frequencyas Q
increasesn therange0.36to 0.46rad/s.

It is easyto understandthat a larger state error-
weighting matrix Q leadsto greatercontrol action and
therefore larger feedbackgain K (Fig. 5). As a
consequencegn input gain scalingN is usedfor each
valueof Q (Fig. 6). It is apparenthat the largerthe
value of weightingmatricesQ the smallerthe value of
its correspondingyainsadjustmentsStartingfrom Q =
101, the value of N decreasegraduallyfrom almost-
0.06to about0.2whenQ is setto be 100lI.

Investigate The Effect of Q Matrices
15

05
0
0 5 10 15 20 25 30
Investigate The Effect of R Matrices
15
1 ———
S ===
e
05

0

0 10 20 30 40 50 60 70

Fig. 3 Stepresponsesf altitudefor varyingQ andR in which the
top plot showsfor fixed R= | thelargerQ the quickerresponsend
the bottomplot showsfor fixed Q = | thelargerR the slower

response.

If R is variedand Q remainsconstant,the locationsof
closed loop poles remain relatively unchanged,as
shownin Fig. 7. Thereareslight decreasesn the un-
dampednaturalfrequencyas R increasesanda slight
shift to the right of the closedloop poles.LargerQ and
smallerR valueswill resultin anenergysavingthrough
a reduced control action. Becauses smallerthereis a
slowerclosedloop respons@andalongertime to reacha
steadystatevalue.Fig. 9 showsthe gain scalingfactors
asthe controlweightingmatrix increases.



10

Eigen Values Position as Q increases

8 . x X
6 <« |
a4
2
0 -
2
4
6 <'\\
8 T
3 5 P) 2

Fig. 4 Effectsof Q vis closedloop poles@bcations
The Values of Optimal Gain (K) as Q increase
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Fig. 6 Input gainadjustmentasQ increases
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Fig. 7 Effectsof R vs closedloop poles@bcations

The Values of Optimal Gain (K) as R increases
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Fig. 8 Value of optimal gainfor eachstatefeedback
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Fig. 9 InputgainadjustmentasR increases



Kalman Filter

In last section,we designedthe LQR controller using
state feedbackunder the assumptionthat all state
variablesare measurableHowever,in practice, this
assumptioris unlikely to be true. In our applicationof
autopilot designonly two statevariablesaltitude and
airspeedmay be available.In this sectionwe consider
the Kalman filter for state estimation. Given the
following stateandoutputequations

&= Ax+Bu+ Fw
y=Cx+v
(13)
wherew andv are process and senswise respectively,
we introduce a state estimator (14)

B= 4B+ Bu+L(y! P
P=ChH
(14)
where % is anestimateof x. The overall stateequations
may be obtained from (13) and (14) as

. u
).(. X N B FO wl- (15)
b X v

Let s, and g, be the spectraldensitiesof zeromean

BOL
white noise w and v respectively,the optimal
estimationgainL vectoris givenby

L=PC'S", (16)
in which, P is the solutionof the following equation:
PA" + AP+FS,F'! PC'S'CP=0.

A 0
LC A-LC

(17)
The Kalman filter altitude estimation estimation
comparedwith its real valuefor s, g = 1.0 are

shownin Fig. 10. Its gainL is givenby
L =[0.00160.0024 - 0.0032 - 0.0132 - 0.0189" . (18)

For S.=100N’m?/Hz 4nq S, =lded/Hz \hich

correspond to processoiseof 1w and a sensomoise
of 0.01w.Theoptimalgainis
L =[0.2178 0.0177 ! 0.0769 ! 0.0721! 0.0313". (19)

Linear Quadratic Gaussian Design

Using a Kalman filter we were able to obtain the
estimatesof unmeasurabléight states.By combining
the Kalmanfilter and LQR control, the estimatedstate
variables can be used to replace the unmeasustdikex
in (10)to give

u=1!kd+r,
(20)

where r is the referenceinput signal and % is the
estimatedstate obtainedusing the Kalmanfilter. The
design objective is to minimize a quadratic cost
function given by the limit
T *
Jios =LiImIgx uw ﬁdt- (21)
Hm g UM g
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Fig. 10 Realaltitude, its estimateandestimationerrorfor Sw=1and
Sv=1(top two plots)andSw=100and Sv=1 (bottomtwo plots)

By combiningthe Kalmanfilter and LQR equations,
we obtainthefollowing augmenteanatrix:

7

j=[/l ~ Bk ]HJ{B F 0} e
e (-rc-so||d B 0 L

\4

wherelL, givenby (16), is the Kalmanfilter feedback
gain.

The LQG designleadsto the optimalgain
K =[1.2252 2.4575 24.8761 17.3437 3.0980]. (23)



The resulting closedloop eigenvaluestheir damping
ratios and undampedhaturalfrequenciesare given in

Table Il
TABLE Il
CLOSED LOOP CHARACTERISTICS OEQG CONTROL
No Eigenvalues Damping Frequency
1 -2.91+ 8.64i 0.32 9.12
2 -2.91- 8.64i 0.32 9.12
3 -0.486 1.00 0.486
4 -0.192+ 0.203i 0.687 0.280
5 -0.192D0.203i 0.687 0.280

The Kalmanfilter optimal gainis now givenby

L =[0.2178 0.0177 ! 0.0769 ! 0.0721! 0.0315]"
and its closed loop characteristics are given in Table IlI.

(24)

- Altitude (m)-

tch ﬁot ‘

Pi

TABLE Il
CLOSED LOOP CHARACTERISTICS OKALMAN FILTER

No Eigenvalues Damping Frequency
1 -2.44+ 8.78i 0.268 9.12

2 -2.44-8.78i 0.268 9.12

3 -0.958+ 1.55i 0.526 1.82

4 -0.958- 1.55i 0.526 1.82

5 -1.79 1.00 1.79

The closed loop performanceof altitude control,

including takeoff, altitude hold and landing using the

LQG controlleris shownin Fig. 11. In the simulation,
thealtitudecommandis a stepfunction of 100m, hold

at 100m and step backto Om at t=25s. Noise was

included during the simulation to determine how

effectively noise is rejected. The resudtsow acceptable
performancewith zero steadystate error and smooth
transitionresponse.It hasbheenassumedhat airspeed
remainsconstanin the airspeedrom throttleloop.

Conclusion

LQR, Kalmanfilter andLQG linear optimal approaches
were applied to control of the altitude from pitch
controlloop of anelevoncontrolledflying wing. It was
shown that the LQG controller formed from a
combinationof LQR controller and Kalman filter
providessubstantialflexibility through the choice of
appropriateweighting matrix values. This flexibility
includestuning the controllerfor reducedcontrol servo
energyconsumptionalbeit with longer settling times.
Suchflexibility is importantas control servosare the
greatest consumers electricalenergyevenon P15035
which hasonly two servos;more conventionalaircraft
haveupwardsof six servos.We can chooseto switch
between fast respondeigh energyand slower response
but lower energyconsumptiorin-flight.

We are currently exploring how we magstimplement
thisresearchn our currentautopilots[17].

] 5 n 1 a & 2 5 LI L A

00 . ! .

50 ! ! i i \ | ! i i
0 5 0 15 a Jid k| k] 1] [ il

Fig. 11 LQR controllerperformancdor takeoff, altitudeholding
andlandingin which noiseintensitiesareSw=100andSv= 1
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